Chapter 1

Putting Marks on Paper

In this book, we shall need very little formal mathematics, but if
we are considering the arrangement of letters and words and lines
and pictures on the page, we shall need a way of discussing the
idea of position — that is to say, where something is, rather than just
what it is. Thankfully, our paper is flat and rectangular, so we can
use the simple coordinates we learned in school. In other words,
we just measure how far we are above the bottom left corner of
the page, and how far to the right. We can write this as a pair of
numbers; for example, the coordinate (6,2) is six lengths right, and
two lengths up from the bottom-left of the page. It is convention to
use x to denote the across part of the coordinate, and y to denote
the up part. These are known as Cartesian coordinates, named for

René Descartes (1596-1659) — the Latin form of his name is Renatus
Cartesius, which is a little closer to “Cartesian”. The idea was
discovered independently, at about the same time, by Pierre de
Fermat (1601-1665). Here is the coordinate (6,2) drawn on a little
graph, with axes for x and y, and little marks on the axes to make it
easier to judge position by eye:
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We can assign units if we like, such as centimetres or inches, to
define what these “lengths” are. In publishing, we like to use a little
unit called a point or pt, which is 1/72 of an inch. This is convenient
because it allows us to talk mostly using whole numbers (it is easier
to talk about 450pt than about 6.319 inches). We need such small
units because the items on our page are quite small and must be
carefully positioned (look at the writing on this page, and see how
each tiny little shape representing a character is so carefully placed)
Here is how an A4 page (which is about 595 pts wide and about
842 pts tall) might look:
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You can see that the chapter heading “Chapter 1” begins at
about (80,630). Notice that the coordinates of the bottom left of
the page (called the origin) are, of course, (0,0). The choice of the
bottom left as our origin is somewhat arbitrary — one could make an
argument that the top left point, with vertical positions measured
downwards, is a more appropriate choice, at least in the West where
we read top to bottom. Of course, one could also have the origin at
the top right or bottom right, with horizontal positions measuring
leftward.

We shall be using such coordinates to describe the position and
shape of each part of each letter, each word, and each paragraph, as
well as any drawings or photographs to be placed on the page. We
will see how lines can be drawn between coordinates, and how to
make the elegant curves which form the letters in a typeface.

Once we have determined what shapes we wish to put on each
page, we must consider the final form of our document. You may
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be reading this as a physical paperback book, printed and bound by
very expensive equipment. You may be reading it as an electronic
document (such as a PDF file) on your computer, tablet, or smart-
phone. Or, you may be reading it on some sort of special-purpose
eBook reader. Each of these scenarios has different characteristics.
Every page of the printed book is made up of hundreds of millions
of little dots, each of which may be white (no ink) or black (ink).
We cannot typically see the dots with the naked eye. The number
of dots is known as the resolution (from the word “resolve”). A low
resolution image is one where it is easy for the eye to resolve (that is,
distinguish) the individual dots. A high resolution image has dots
so small and tightly packed that the naked eye cannot distinguish
them.

A high resolution printer, such as the one printing the physical
copy of this book, may have as many as 600 or 1200 dots per inch
(dpi); that is to say, between 600 x 600 = 360,000 and 1200 x 1200 =
1,440,000 dots per square inch. The screen of a computer or tablet
may only have 100 to 300 dpi, but it can display many shades of
grey and colours. If the resolution is too low, we see blocky images.
Here is part of a capital letter A in black and white at 60 dpi, 30 dpi,
and 15 dpi:

We have used square dots here, such as may be used on a mod-
ern computer screen (we call them pixels, which is short for “picture
elements”). For viewing a page on a typical tablet computer, we
might have only 2048 x 1536 = 5,193,728 dots on the whole screen,
but they may be colours or greys, as well as black or white. When
printing a book like this, we have many more dots, but only black
ink. Let us say, for example, that we have a US Letter page (8.5
inches by 11 inches) and we are printing at a resolution of 1200
dpi. We have 1200 x 1200 = 1,440,000 dots per square inch, so we
have 1200 x 1200 x 8.5 x 11, or 134,640,000 dots on the page, each
of which may be black or white.

Here are some photographs, taken under a microscope, of letter-
ing as it appears in high quality printing, and on the much lower
quality, cheaper newsprint used for the daily newspaper:
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On the left is an idealised high resolution shape. In the middle,
justblack and white at a lower resolution. On the right, prepared for
display on a screen supporting grey as well as black and white, at
the same lower resolution. This use of greys is known as antialiasing,
since the jagged edges in low resolution lines are known as aliasing.
This term originated in the field of signal processing and is used to
describe problems stemming from low-resolution versions of high-
resolution signals. Here is a photograph, taken under a microscope,
of such an antialiased line on a modern computer screen:

The left image is magnified 20x; the right image 400x. The
rectangular shapes you can see in the images are the separate Red,
Green, and Blue sub-pixels, which a monitor uses to build up all
the different colours and greys it may need (the monitor makes a
picture by emitting light and Red, Green, and Blue are the primary
colours of light.)

What might a reasonable minimum resolution be? To simplify,
let’s return to the scenario where we only have black and white
dots — no antialiasing. The resolution required to make the page
look smooth depends on the distance at which the typical viewer
sees it. For a computer screen, this might be twenty inches. For a
smartphone, eight inches. For a billboard, twenty or fifty feet (if
you have never walked right up to a billboard and looked at the
printing, do so — it is surprisingly coarse.) The limit of the human
optical system’s ability to distinguish the colour of adjacent dots,
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or their existence or absence, is the density of light sensitive cells
on the retina. At a distance of 12 inches, a density of 600 dots per
inch on the printed page may be required. For a billboard, we may
only need 20 or 50 dots per inch. On a screen, antialiasing allows
us to use a lower resolution than we might otherwise need.

We have seen how to draw lines between points, and so we
can build shapes by chaining together multiple lines. For exam-
ple, the lines (1,1)—(10,1), (10,1)—(10, 10), (10,10)—(1,10), and
(1,10)—(1,1) form a square (you can draw it on paper if you wish).
We might define this more concisely as (1,1)—(10,1)—(10,10)—
(1,10)—(1,1). However, if we wish to produce a filled shape (such
as a letter in a word) we would have to make it up from lots of
little horizontal lines or lots of little vertical ones, to make sure that
every dot we wanted to be covered was covered. We should like
to automate this process, so as to avoid manually specifying each
part of the filled section. Consider the following child’s picture of a
house, made from several lines:

Notice that we have built three different sets of joined-up lines:
one for the outline of the house, and two more, one for each window.
Considering the bottom-left dot to be at (0, 0), they are, in fact, these
sets of lines:

or the house outline
j(rl, 1)—(1,10)—(9,18)—(13,14)—(13,16)—(14,16)—(14,13)—
(17,10)—(17,1)—(11,1)—(11,5)—(7,5)—(7,1)—(1,1)

for the left window
(3,10)—(6,10)—(6,7)—(3,7)—(3,10)

for the right window
(12,10)—(15,10)—(15,7)—(12,7)—(12,10)
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Now, we can proceed to design a method to fill the shape. For
each row of the image, we begin on the left, and proceed rightward
pixel-by-pixel. If we encounter a black dot, we remember, and enter
filling mode. In filling mode, we fill every dot black, until we hit
another dot which was already black — then we leave filling mode.
Seeing another already-black dot puts us back into filling mode,
and so on.

In the image above, two lines have been highlighted. In the first,
we enter the shape once at the side of the roof, fill across, and then
exit it at the right hand side of the roof. In the second, we fill a
section, exit the shape when we hit the doorframe, enter it again at
the other doorframe — filling again — and finally exit it. If we follow
this procedure for the whole image, the house is filled as expected.

The image on the left shows the new dots in grey; that on the
right the final image. Notice that the windows and door did not
cause a problem for our method.

We have now looked at the very basics of how to convert de-
scriptions of shapes into patterns of dots suitable for a printer or
screen. In the next chapter, we will consider the more complicated
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